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The purpose of this paper is to study the solvability of a nonlinear functional 
equation f E (A + B)u, where A is a maximal monotone (possibly multivalued) 
mapping from a reflexive Banach space X to its dual X* and B: X-+ X* 
satisfies some hind of sign condition. The main feature of the present method 
is that no asymptotic hypothesis (such as coerciveness, semicoerciveness, 
asymptotic oddness or homogeneity) is imposed on A + B. 
In Section 1 we state and prove the abstract result (Theorem 1). In Section 2 
we apply Theorem 1 to the discussion of solvability of nonlinear second-order 
boundary value problems of Neumann type. Such problems were previously 
considered by Schatzman [6] and Hess [5] by different methods. 
This research was stimulated by some recent results on the range of the 
sum of maximal monotone operators announced by BrCzis [3]. 
1 
Let X be a real reflexive Banach space and X* its dual space. We denote 
by (w, u) the duality pairing between the elements w E X* and u E X. Let 
A: X -+ 2x* be a given mapping. Its effective domain D(A) is the subset of X 
defined by D(A) = {u E X: Au # .D}, its range R(A) the subset of X* 
defined by R(A) = U(Au: u E D(A)}, and its graph G(A) the subset of 
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X x X* given by G(A) = ([u, w]: u E D(A), w E Au}. The mapping A is 
said to be monotone if its graph G(A) is a monotone subset of X x X* in the 
sense that (wi - ws , ui - ~a) 2 0 for [ui, wi] E G(A), i = 1,2. Further A 
is maximal monotone if G(A) is not a proper subset of any other monotone 
subset of X x X*. The mapping A is said to be trimonotone if for any 
triple of elements ui E D(A) and wi E Aui (i = 1,2, 3) we have (wi , ui-us) + 
( W a , us - us) + (wa , us - ui) 3 0. A singlevalued mapping T: X -+ X* is 
said to be bounded if it maps bounded subsets of X into bounded subsets of X*, 
and compact if it maps bounded subsets of X into relatively compact subsets 
of X*. Further T: X + X* is said to be demicontinuous if it is continuous 
from X to X* endowed with the weak topology. For any subset G we denote 
by Int G its interior. 
DEFINITION. Let A: X-+2x* be a given mapping. We say that A is 
boundedly-inversly-compact if for any pair of bounded subsets G and G* 
of X and X*, respectively, the subset G n A-l(G*) is relatively compact in X. 
For example, if K: X* -+ X is compact, then the mapping K-l: X -+ 2x* 
is boundedly-inversely-compact. 
We now state our main abstract result. 
THEOREM 1. Let X be a real rejexive Banach space. Let A: X -+ 2X’ be 
a monotone mapping, B, : X-+2x* a trimonotone mapping such that the 
following hold: 
N W) = W-4) 
(ii) 0 E (A + 4)(O) 
(iii) A + B, : X -+ 2x* is maximal monotone and boundedly-inversely- 
compact. 
Further let B, : X -+ X* be a demicontinuous mapping satisfying the condition: 
for every k 3 0 there exists a constant c(k) such that 
(B,u, u) 3 k /) B,u 1) - c(k) for all u E X. U-1) 
Then w E Int(R(A) + R(B,)) implies that w E Int R(A + B, + B,). 
Remark 1. When B, = 0 we do not need to assume that the mapping 
A + B, is boundedly-inversely-compact. In that case the result is essentially 
due to BrCzis [3]. 
Remark 2. As a consequence of condition (1.1) the mapping B, is 
bounded. 
For the proof of Theorem 1 we need two auxiliary results. The first 
statement immediately follows from the Leray-Schauder principle. 
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PROPOSITION 1. Let X be a real Banach space and K: X* 4 X a (non- 
linear) compact demicontinuous monotone mapping with K(0) = 0. Let 
F: X -+ X* be another (nonlinear) bounded demicontinuous mapping. Suppose 
that for some constant p > 0, 
(Fu, u) > 0 
for all u E X with 11 u I] = p. Then the equation 
(1.2) 
u - K(-Fu) = 0 
admits a solution u with 11 u II < p. 
Using a result of Asplund [l], we shall assume in future that the reflexive 
Banach space X is endowed with a norm such that both X and X* are 
strictly convex. Accordingly the duality mapping J given by Ju = {w E X*: 
(v, u) = II u /12, 11 o 11 = II u ]I} for u E X, is everywhere defined, single-valued, 
bounded and demicontinuous (see e.g. [4]). 
PROPOSITION 2. Let the Banach space X be real and reflexive. Let 
T: X -+ 2x* be a maximal monotone, boundedly-inversely-compact mapping with 
0 E T(0). Further let B: X -+ X* be a bounded emicontinuous mapping such that 
(Bu, u) 3 --c I/ u II - d (1.3) 
for all u E X, with some constants c, d. Then for each E > 0 the mapping 
T + B + E J: X -+ 2x” is surjective. 
Proof. It is well known that the mapping (T + (42) J)-l is everywhere 
defined, single-valued, bounded and demicontinuous. We also note that it 
is compact. To see this, let {u,> be a bounded sequence in X* and let x, = 
(T + (4) J)-%a . Thus u, = w, + (e/2) Jx, , with eu, E TX,. Since 
(T + (c/2) J)-l is a bounded mapping, the sequence {x,} is bounded in X. 
Accordingly (wn} is a bounded sequence in X*. It then follows from the 
boundedly-inversely-compact nature of T that there exists a subsequence 
{x,(} which is convergent in X. This shows that (T + (r/2) J)-l maps bounded 
subsets of X* into relatively compact subsets of X. Also (T + (42) J)-‘(O) =O. 
Next we see that the equation w E Tu + Bu + E Ju is equivalent to the 
equation u = (T + (c/2) J)-’ [w - (B + (42) J)u]. It now follows im- 
mediately from Proposition 1 that this second equation has a solution. 
Proof of Theorem 1. Let w E Int(R(A) + A(B,)). By Proposition 2 
(applied with T = A + B, , B = B,), th ere exists for each E > 0 an element 
u, E X such that 
w E Au, + Blue + &u, + E Ju. . 
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Since 0 E (A + 4(O), (JOG, uE) = 11 u, /I2 and 13, satisfies condition (1. I), 
we see that there exists a constant C such that 
E II UC II G c, VE. > 0. (1.4) 
Now, w E Int(R(A) + R(B,)) . pl im ies the existence of a constant p > 0 
such that for h E X* with 11 h Ij < p we have w - h E R(A) + R(B,). We 
assert that to each such h E X* there is a constant C,, with 
(h, 4 3 cil 9 VjE > 0. 
Indeed, let 5, E Au,, Q E Blua be such that 
(1.5) 
w = 5, + 7c + Bsu, + cJu, t 
and let y E D(A), z E D(B,) be such that 
(1.6) 
w--h=5+7, 
where 5 E Ay, 7 E B,z. Subtracting (1.7) from (1.6) we get 
(l-7) 
This gives 
h = 5, - 5 + 7c - 7 + Bz+, + ~Jus . 
(h, us - Y) = (6, - I> uc - Y> + (76 - 7, u, - Y> 
+ U&u, + ~Juc, u, - Y) 
3 (7E - ‘13 u, - Y) + (4~ > 4 (1.8) 
-/I&d ~IIYII-~II~,II *IIYII 
> (7E - 7, u, - y)-constant (depending on h), 
in view of condition (1.4) and (1.1) applied with k = jl y 11 to the terms 
(B,u, > uJ - I/ Bzu, II * II y I]. Since B, is trimonotone and D(A) C D(B,), we 
see by taking 5 E B, y that 
0 G (76 3 u, -Y) + (5, Y - z) + (7, x - ue) 
= (7, 9 UC -Y) + (5, Y - 4 + (7, z - Y> + (7, Y - UC) 
= (76 - 7, UC - Y) + (5 - 7, Y - 4. 
This shows that (71~ - 7, u, - y) > constant (depending on h). The 
assertion (1.5) now follows from (1.8). 
Applying the Principle of Uniform Boundedness we see that for some 
constant M, 
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Since w = & + 7E + B2u, + E JuC , we have that & + rls + B,u, + w as 
E --+ 0. Since the sets {uE} and {B,u,} are bounded, we conclude that the set 
(& + 7.) is also bounded. By the boundedly-inverse compactness of A + B, , 
there exists a sequence (~3, Ed -+ 0, and an element u E X such that uCn -+ u 
in X. So we have Bzu,, - B,u (weakly) in X* and thus [cm + qC - w - B,u 
(weakly) in X*. Since A + Bl is maximal monotone, w - B,u; (A + B,)u, 
i.e., w E (A + Bl + B&J. Hence w E Int(R(A) + R(B,)) implies that 
w E R(A + B, + B,), which in turn implies that Int(R(A) + R(B,)) C 
Int R(A + B, + B,). This completes the proof of Theorem 1. 
2 
Let 52 be a bounded domain in an Euclidean space RN (N > 1) with 
smooth boundary I’. Let /I be a maximal monotone graph in BP with 0 E /3(O). 
Further let 
denote a uniformly elliptic differential expression with realvalued coefficients 
aii E Cl@) (i, j = l,..., IV). To J& we associate the nonlinear operator 
A: C(Q) -+ 2L’(o) defined by 
D(A) = (u E P(Q) : - -&- e/?(u) a.e. on r), 
a 
Au=du for UE D(A). 
Here au/an, denotes the outward conormal derivative given by 
where 11 is the outward normal to I’. It is known from a result of BrCzis [2] 
that A is maximal monotone. This implies in particular that for any given 
f eL2(Q) and E > 0 the equation f = Au + EU has a unique solution u. 
For any t E R let $(t) E j3(t) be the element with least absolute value, 
where we set /P(t) = &cc in case /3(t) = D (and t 2 0, respectively). 
Finally let 
/I* = lick $(t) (in the extended sense). 
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PROPOSITION 3. Let f E Le(Q) be such that 
8- < mea:(r) j, f & < fi+ * (2-l) 
Th& f E Int R(A). 
This result is originally due to Schatzman [6]. We present here a direct 
and simpler proof of it. Prior to that we introduce some further notation. 
For a function u E H1(sZ) we let u/I’ denote its trace. 
Proof of Proposition 3. Let f ELM be such that (2.1) holds. For each 
n E N there is a u, E D(A) with 
&z + (1 I+42 = f. (2.2) 
We first assert that 11 u, j/ < const. Vn (where 11 *]I means the norm in 
L2(Q)). Indeed, suppose to the contrary that /I u, /I -+ a as tl-+ co, and let 
74% = II %I 11% * Further let b, = -&,/&z, . Taking the inner product 
of (2.2) with u, and applying Green’s formula we obtain 
SC n ai $$ -$ dx + Jr b,u,lr dr + i II G I? = (f, S) 3 I 
Vn, and dividing this equation by 11 u, II2 we get 
+ II ~,a 11-l [j-, b,dr dr - (f, 41 = 0. (2.3) 
Since Jr b,,w,/r dl” 3 0, we conclude from (2.3) and the uniform ellipticity 
of & that grad v, -+ 0 in (L2(8))N. Thus, after passage to a suitable 
subsequence, 
v, -+ v = const # 0 in p(Q). 
Suppose first that v > 0. By (2.3), 
while 
lim inf s h&l/r fir < (f, q, I- 
b,dr 2 i+4m dr a.e. on r 
and (for a further subsequence) 
u,ir+ +a a.e. on r. 
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By the Fatou lemma and the definition of /3+ it follows that 
8+v meas = 1, B+W dr d (f, v) = v lnf dx, 
contradicting (2.1). Similarly v < 0 leads to a contradiction. 
Hence the assertion that [I un Ij < const follows. It is now an immediate 
consequence of the maximal monotonicity of A that f E R(A). Because of the 
strict inequality signs in (2.1) we even get fE Int R(A). 
Let now g: R + R be a continuous function satisfying the following: 
(i) for some constants a, b, 
I &)I < a + b I t I, VtER; 
(ii) there is a T 3 0 such that 
g(t>t 3 0 VI t 13 T. 
Further, let 
g+ = l@+&f g(t), g- = limzp g(t). 
THEOREM 2. Let flu be such that 
meas /?- + meas g- -=c Jof dx < mea(r) P+ + me=(Q)g+ . (2.4) 
Then the equution 
JxfTl + L?(u) = f a.e. in Q, 
-au/an, E /3(u) a.e. on r, 
w 
has a solution u E W(8). 
Proof. Let A: L2(Q) + Zt*(o) be the maximal monotone operator as 
defined above. We decompose g into a sum g = g, + g, of continuous 
functions such that 
g, is monotonically increasing, g,(O) = 0, 
,$ m = & ; g&P 2 0 V I t I 3 T, (2.6) 
I a(t)I B c + d I t I (i = 1, 21, Vt E IR and some constants c, d. 
Let Bi : La(Q) -L2(Q) be gi ven by (&u)(x) = gi(u(x)) (x E Sz, i = 1, 2). 
Then B, is a continuous monotone potential mapping. So Bl is trimonotone. 
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Further B, satisfies condition (1.1) of Theorem 1. Indeed, for u E L2(Q) 
we have 
(BA 4= jn g&W) ~(4 dx 
-1 
- 
{m: / (2) I-CT} g2w dx + j 
g&)u dx 
u . b:lu(s)l>r) 
= 4 + 1, (say). 
Now 1 I1 1 < const, in view of (2.6). Also, 
4 = J;.:,u(.),,T) g&+ dx = J G: I u 0 I >T) 
I g&)1 I u I dx 
3 (l/d) 11 B,u II2 - (c/d)(meas(J2))l/2 I/B,u II - const. 
Since for every E > 0 there exists a C(e) > 0 such that p < Q2 + C(e) 
Vp E R, we see from above that for every k 3 0 there is a constant c’(k) 
such that 
12 b k II B,u II - c’(k). 
From this we immediately obtain (1.1). 
We now show that the maximal monotone mapping A + B, from La(Q) 
to 2L*(o) is boundedly-inversely-compact. Indeed, let {Us} be a bounded 
sequence in L2(i2) with (w, E (A + B,)u,} also bounded. We want to conclude 
that there is a subsequence of {Us} which is convergent in L”(Q). This follows 
from the Sobolev embedding theorem and the inequalities 
To prove that Eq. (2.5) (or equivalently the equation: (A + B, + B,)u sf) 
has a solution, it suffices by Theorem 1 to show that f E Int(R(A) + R(B,)). 
Two cases arise: 
Case 1. /L < /3+ . In this case we can write 
s f dx = h meas + p meas( sa 
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where h and p are such that p- < h < /I+ and g- d TV <g+ . Writing f = 
(f - CL) + CL, we see that TV E R(B,) and f - p E Int R(A) in view of 
Proposition 3, since 
B- < mea;(r) s, (f - P) dx = h < B+ .
So f E Int(R(A) + R(Q), and the result follows. 
Case 2. /3- = /3+ = 0. In this case condition (2.4) reduces to 
g- < mea:(Q) !of dX < g+ ’ 
Writing 
k, = 
mea:(Q) Jof dx 
we see that (f - kf) E R(A) in view of the well-known existence theory for 
the linear Neumann boundary value problem. Moreover kf E R(B,) by 
(2.4’). Applying the same decomposition to small perturbations of f, we 
conclude thatf E Int(R(A) + R(B,)). This completes the proof of Theorem 2. 
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